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Robinson–Trautman solutions with Nonlinear Electrodynamics are investigated for both L(F )
and L(F, G) Lagrangians and presence of electric and magnetic charges as well as electromagnetic
radiation is assumed. Particular interest is devoted to models representing regular black holes for
spherically symmetric situations. The results show clear uniqueness of Maxwell electrodynamics with
respect to compatibility with Robinson–Trautman class. Additionally, regular black hole models are
clearly not suited to this class while famous Born–Infeld model illustrates important distinction
between L(F ) and L(F, G) for obtained electric field when magnetic field is nontrivial.
PACS numbers: 04.20.Jb, 04.70.Bw
I. INTRODUCTION
Nonlinear electrodynamics (NE) is a generalization of
linear Maxwell theory to nonlinear theory. Such theory
was initially developed to solve the problem of divergent
field of a point charge (see e.g. [1]) also providing reason-
able self-energy of charged particle. The best-known and
frequently used model of NE was proposed by Born and
Infeld in 1934 [2]. Excellent overview of nonlinear elec-
trodynamics and its main features was given in a book
by Plebański [3]. Einstein gravity coupled with nonlin-
ear electrodynamics has attracted intensive attentions
in the literature and this carried over to modified the-
ories as well (for example [4]). Considerable interest is
specifically devoted to gravitating NE models which pro-
vide resolution (removal) of spacetime singularity in the
center of black hole. Such solutions are called regular
black holes and their association with NE started with
the model proposed in [5].
Generally, the Lagrangian L of nonlinear electrody-
namics is supposed to be a scalar function of the invari-
ants F = FµνF
µν and G = Fµν
∗Fµν = 12ǫ
µναβFµνFαβ
(in fact one should consider only G2 to eliminate pseu-
doscalar nature of G). If one applies NE theories in
static spherically symmetric spacetimes then the form
of Lagrangian reduces to L(F ) which is as well the most
frequently used one in the literature. L(F,G) form of
Lagrangian is used for studying light propagation in the
geometric optics approximation [6], particularly for com-
parison with linear Maxwell theory. For example in [7],
by analyzing Fresnel equations of wave propagation, they
showed that there is no birefringence in the Born-Infeld
model, but the velocity of light (as waves of NE) is differ-
ent from c and always less than or equal to c (in Maxwell
limit). In [8] conditions for causal propagation in L(F,G)
theories were derived and it was shown that in case of
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L(F ) form of Lagrangian any theory other than the stan-
dard Maxwell vacuum one necessarily violates the causal-
ity conditions for some allowed background fields.
Apart from studying general physical properties of NE
(L(F,G)) there are not many nontrivial (F 6= 0, G 6=
0) exact solutions of Einstein gravity coupled with these
models of nonlinear electrodynamics. Although solution
in flat spacetime for Born–Infeld model using Newman–
Penrose formalism was obtained already in [9].
This lack of solutions for L(F,G) type model is the
initial motivation for our research. Since this means
stepping out of the spherically symmetric situation we
decided to consider Robinson–Trautman class which es-
sentially contains deformations of spherically symmetric
situations. Additionally, this class contains generically
dynamical solutions which settle down to symmetric situ-
ation by radiation of gravitational waves and electromag-
netic radiation for the Maxwell theory as well. This dy-
namical nature of selected geometry has additional ben-
efit of making it potentially suitable for nonlinear stabil-
ity studies of the NE solutions. Knowledge of stability of
a given static or stationary solution leads to better un-
derstanding of these solutions. Unstable solutions have
usually less physical significance than stable ones since
they are likely to decay to a stable configuration.
One of the most frequent methods of stability anal-
ysis is however linear stability. In [10] C. Moreno and
O. Sarbach presented a study of dynamical stability of
black hole solutions in self-gravitating nonlinear electro-
dynamics with respect to arbitrary linear fluctuations of
the metric and electromagnetic field. They showed the
stability for several specific models of NE and particu-
larly those corresponding to regular black holes such as
Bardeen black hole based on some conditions on the elec-
tromagnetic Lagrangian. Based on the pulsation master
equations obtained in [10] the fundamental Quasi-Normal
(QN) modes associated with the gravitational and elec-
trodynamic perturbations of black holes in NE theories
were computed in [11]. Parallel to this line of investiga-
tion there are several other studies of QN modes for NE
[12] but their results apply only to test fields propagating
2on the fixed geometry of such black holes, unlike in [11].
Alternative study of linear stability based on the sign
of the effective energy shows that except for Born–Infeld
model most of other models (and especially those for reg-
ular black holes) are unstable [13].
This disagreement concerning linear stability when dif-
ferent methods are used or the imposed conditions differ
is exacerbated by additional issue for regular black holes.
The stability analyses are predominantly involving the
region above horizon. This is crucial for regular black
holes since the "removed" singularity is below the hori-
zon and outer solutions tend to be quite similar to other
charged black hole solutions. It is important to specifi-
cally understand the stability below the horizon in case
of regular black holes.
These issues might be resolved by finding exact solu-
tions of Einstein gravity coupled to NE corresponding
to dynamical spacetime with no symmetries and proceed
with nonlinear stability analysis based on them. From
our past experiences [14–16] the Robinson–Trautman
(RT) spacetimes provide potentially suitable candidate
for such study.
Vacuum Robinson–Trautman spacetime [17–19] rep-
resent deformations of spherically symmetric geometries
and by radiating gravitational waves they asymptotically
settle down to Schwarzschild black hole. We hope to see
similar behavior when coupled to NE, this time settling
down to the spherically symmetric NE configuration af-
ter the possible emission of gravitational and electromag-
netic radiation. Such an approach was already successful
for showing nonlinear stability of the Schwarzschild thin
shell wormhole [16]. In [15], we have found very limited
(with electric charge only and without radiation) Robin-
son–Trautman solutions with NE sources for several spe-
cific models of NE Lagrangian (both with Maxwell limit
and without). The solutions were generated from the
spherically symmetric ones. In all cases of NE mod-
els considered the singularity of the electromagnetic field
is resolved as in the static spherically symmetric cases.
However, the models resolving the curvature singularity
in spherically symmetric spacetimes could not be gen-
eralized to the Robinson–Trautman geometry using the
approach therein. Here we want to consider this prob-
lem in full generality and prove the impossibility of the
generalization more rigorously.
II. VACUUM ROBINSON–TRAUTMAN
METRIC
The vacuum Robinson–Trautman spacetime can be de-
scribed by the line element [17–19]
ds2 = −2H du2 − 2 du dr + r
2
P 2
(dx2 + dy2), (2.1)
where
2H = K − 2r( lnP ),u − 2m/r (2.2)
where K = ∆( lnP ) and
∆ ≡ P 2(∂xx + ∂yy). (2.3)
The metric generally contains two functions, P (u, x, y)
and m(u) . The function m(u) might be set to a con-
stant by suitable coordinate transformation [19] and we
consider this is the case for the coordinates of (2.1). Ein-
stein equations then reduce to a single nonlinear PDE —
Robinson–Trautman equation
∆∆( lnP ) + 12m( lnP ),u = 0 . (2.4)
These spacetimes are then of algebraic type II.
As required by the definition of Robinson–Trautman
family the spacetime admits a geodesic, shearfree, twist-
free and expanding null congruence generated by l = ∂r
κ = σ = 0, ρ 6= 0 (2.5)
with r being an affine parameter along this congruence,
u is a retarded time and u = const hypersurfaces are
null. It shows the propagation of the tetrad components
of the Weyl tensor in the u-direction, from null surface
to null surface. Spatial coordinates x, y span transversal
2-space which has Gaussian curvature (for r = 1)
K(u, x, y) ≡ ∆( lnP ) . (2.6)
For general r = const and u = const, the Gaussian cur-
vature is K/r2 so that, as r →∞, these 2-spaces become
locally flat. As usual we will assume that the transver-
sal 2-spaces are compact and connected which leads to
a subclass that contains the Schwarzschild solution (con-
sidering vanishing cosmological constant for simplicity)
corresponding to K = 1 (consistent with spherical sym-
metry). This subclass thus represents its generalization
to nonsymmetric dynamical situation. In addition, the
Ricci tensor components picked out by the null congru-
ence l and the (complex) tetrad vector m are assumed to
satisfy
R11 = R13 = R44 = 0 (2.7)
For analysis of Robinson–Trautman equation (2.4) it is
useful to introduce the following parametrization
P = f(u, x, y)P0 , (2.8)
where f is a function on a 2-sphere S2, corresponding to
P0 = 1 +
1
4 (x
2 + y2) (such choice gives K = 1). By rig-
orous analysis of equation (2.4) after substituting (2.8)
Chruściel [20, 21] proved that, for an arbitrary, suffi-
ciently smooth initial data f(x, y, ui) on an initial hy-
persurface u = ui, Robinson–Trautman type II vacuum
spacetimes (2.1) exist globally for all u ≥ ui. Moreover,
they asymptotically converge to the Schwarzschild–(anti-
)de Sitter metric with the corresponding mass m and
cosmological constant Λ as u→ +∞. This convergence
is exponentially fast because f behaves asymptotically as
f =
∑
i,j≥0
fi,ju
je−2iu/m (2.9)
3where fi,j are smooth functions of the spatial coordinates
x, y. For large retarded times u, the function P given by
(2.8) exponentially approaches P0 which describes the
corresponding spherically symmetric solution.
This dynamical black hole radiates exact gravitational
waves that carry away the nonlinear deformations from
sphericity.
III. ROBINSON–TRAUTMAN SOLUTION
COUPLED TO ELECTROMAGNETISM
We consider the following action, describing a electro-
magnet field in form of nonlinear electrodynamic mini-
mally coupled to gravity,
S =
1
2
∫
d4x
√−g [R+ L(F,G)] , (3.1)
where R is the Ricci scalar for the metric gµν (we use
units in which c = ~ = 8πG = 1). L(F,G) is the La-
grangian of the nonlinear electromagnetic field which we
assume to be an arbitrary function of the invariant F
and G constructed from a closed Maxwell 2-form. By
applying the variation with respect to the metric for the
action (3.1), we get Einstein equations
Gµν = T
µ
ν , (3.2)
For keeping the original form of Robinson–Trautman
spacetime we assume the following metric function
ds2 = −(2H+Q) du2− 2 du dr+ R
2
P 2
(dx2+dy2), (3.3)
where Q(u, r, x, y) and R(u, r) and subsequently we as-
sume u, r, x, y coordinate ordering. The metric solution
H is presented in (2.2), for simplicity in equations we
assume the m parameter in metric solution is zero. To
mentioned that one can always find the m/r in Q.
In the next section we will find all the field equations
for general nonlinear electrodynamic Lagrangian but as
an example we will study Born–Infeld model. To do that
we will first obtained the modified Maxwell equations in
the following subsection and then in the other part we
will summarized Einstein equations.
A. Modified Maxwell equations
In a general case Lagrangian L of nonlinear electro-
dynamics is supposed to be the scalar function of the
invariants F = FabF
ab and G = FabF
∗ab. The elec-
tromagnetic fields are obeying the (generally) modified
Maxwell (NE) field equations. The source–free nonlinear
Maxwell equations are obtained in standard way from
variational principle and it would be
F[µν,λ] = 0 (3.4)(√−gLF Fµν +√−gLG ∗Fµν),µ = 0 (3.5)
we use the abbreviations LF =
∂ L
∂F , LG =
∂ L
∂G , LFF =
∂2L
∂2F , etc. We consider F
µν to be the only fundamental
variable as shown by Plebański [3].
The nonzero electromagnetism field components in
Robinson–Trautman class are Fur , Fux, Fuy and Fxy.
Since the metric (3.3) can accomodate only the outgo-
ing rays aligned with the principle null direction we as-
sume that Fxr, Fyr or F
ux, Fuy are zero since they would
otherwise correspond to rays in the other null direction
(ingoing). This is related to fixing the initial conditions
for the evolution of Robinson–Trautman geometry. The
electromagnetism field invariant is then
F = Fµν F
µν = 2 (fm − fe)
where
fm = g
xx gyy (Fxy)
2, fe = (Fur)
2
and the second invariant would be
G = Fµν
∗Fµν =
1
2
ǫµναβFµνFαβ
ǫµναβ is the totally antisymmetric Levi-Civita tensor
with ǫurxy = −1√−g . Therefore G can be written in the
following form
G = − 4√−g FurFxy
The duality relations between the electromagnetic fields
take this form
∗F xy = − Fur√−g ,
∗Fur = − Fxy√−g
∗F xr =
Fuy√−g ,
∗F yr =
Fux√−g (3.6)
The Maxwell equation (3.4) has the following compo-
nents in our case
∂uFxy + ∂yFux + ∂xFyu = 0 (3.7)
∂rFxy = 0 (3.8)
∂xFru + ∂rFux = 0 (3.9)
∂yFru + ∂rFuy = 0 (3.10)
It is possible to simplify the form of electromagnetic field
using the above equations. From (3.8), we can integrate
(we selected a convenient form of expressing the result)
Fxy =
B(u, x, y)
P (u, x, y)2
(3.11)
and also we introduce a notation Fur = −E(u, r, x, y).
If we take r derivative of (3.7) we obtain another useful
relation
(Fux),yr = (Fuy),xr. (3.12)
4The second modified Maxwell equation (3.5) for the
metric (3.3) has the following components (introducing
notation Ξ =
√−gLF and Ξ˜ = √−gLG)(
ΞF ru + Ξ˜ ∗F ru
)
,r
= 0 (3.13)(
ΞF rx + Ξ˜ ∗F rx
)
,r
+
(
ΞF yx + Ξ˜ ∗F yx
)
,y
= 0 (3.14)(
ΞF ry + Ξ˜ ∗F ry
)
,r
+
(
ΞF xy + Ξ˜ ∗F xy
)
,x
= 0 (3.15)
and the last equation is
(
ΞFur + Ξ˜ ∗Fur
)
,u
+
(
ΞFxr + Ξ˜ ∗Fxr
)
,x
+
(
ΞFyr + Ξ˜ ∗Fyr
)
,y
= 0
(3.16)
The above equations are not yet simplified to do that
we start with equation (3.13). By using the duality rela-
tions between electromagnetic fields in (3.6), the equation
(3.13) can be written as following
ΞFur + LGFxy = C˜(u, x, y) (3.17)
Now with the above expression, we simplify equation
(3.16) further
(LF Fux + LGFuy),x + (LF Fuy + LGFux),y −
(
C˜
)
,u
= 0
(3.18)
with C˜ being r-independent. Taking r derivative of the
above equation (3.18) we get the following constraint re-
lation which will be useful later on for finding the expres-
sions for radiative fields,
(LF Fux + LGFuy),xr = − (LF Fuy + LGFux),yr
The rest of equations from second Maxwell equation,
namely (3.14) and (3.15), can be cast in the following
form using our notation for electric and magnetic fields
and duality from (3.6)
(LF Fux + LGFuy),r +Ω,y = 0 (3.19)
(LF Fuy + LGFux),r − Ω,x = 0 (3.20)
where Ω =
(
LGE +
LF B
r2
)
. From the above equa-
tions, (3.19) and (3.20), we can find the radiative fields
Fux(u, r, x, y) and Fuy(u, r, x, y) valid for any general
nonlinear electrodynamic Lagrangian in the following
form
Fux = −LF (
∫
Ω,y dr−ǫ0)+LG(
∫
Ω,x dr+ǫ1)
L
2
F
−L2
G
(3.21)
Fuy =
LF (
∫
Ω,x dr+ǫ1)+LG(
∫
Ω,y dr−ǫ0)
L
2
F
−L2
G
(3.22)
where ǫ0(u, x, y) and ǫ1(u, x, y) are integration constants.
Note that if we assume the electromagnetic fields would
not depend on transversal directions (E(u, r) and B(u))
then from (3.21) and (3.22) one obtains
Fux =
LF ǫ0 − LG ǫ1
L2F − L2G
(3.23)
Fuy =
LF ǫ1 − LG ǫ0
L2F − L2G
(3.24)
Using equations (3.9) and (3.10) in this special case leads
to radiative fields that are not r-dependent. However,
analysing the above expressions one concludes that this
is only possible for a Lagrangian of Maxwell type.
B. Field equations
After analysing the electromagnetic field equations we
turn our attention to Einstein equations, both geometri-
cal and source part.
The electromagnetic energy momentum tensor is de-
fined as following
T µν =
1
2
{δµν (L −GLG)− 4 (FνλFµλ)LF } (3.25)
Before proceeding to evaluate individual components of
the energy momentum tensor we will use one component
of the Einstein equations, Gur = T
u
r, to simplify the
form of the general metric (3.3). Since Fxr, Fyr are zero
by our general considerations this Einstein equation sim-
plifies considerably
Gur = 2
R,rr
R
= 0 (3.26)
and gives R that is linear in r
R = U1(u)r + U2(u) .
One can show that the above expression can be simplified
into R = r with coordinate transformation, which we will
assume from now on. It has been shown in [22] that the
above condition on energy momentum tensor components
leads to such result for any static spherically symmetric
spacetime of four and more dimensions and obviously we
provided its generalization to the dynamical spacetime
under consideration.
The nonzero components of energy momentum tensor
for electromagnetism fields are
T uu = T
r
r =
(L−GLG)
2
+ 2 feLF (3.27)
T xx = T
y
y =
(L−GLG)
2
− 2 fmLF (3.28)
and additionally because of considering radiation there
5are nonzero off diagonal terms; i.e.,
T ru = −2 (FuλF rλ)LF (3.29)
= 2LF
P 2
r2
{
(Fux)
2 + (Fuy)
2
}
T rx = −2 (FxλF rλ)LF (3.30)
= 2LF
{
FurFux + FuyFxy
P 2
r2
}
T ry = −2 (FyλF rλ)LF (3.31)
= 2LF
{
FurFuy + FuxFyx
P 2
r2
}
and also the following relations between other energy mo-
mentum components,
T xu = −P
2
r2
T rx , T
y
u = −P
2
r2
T ry . (3.32)
The geometrical part of the rest of Einstein field equa-
tions is given by the following expressions
Grr = G
u
u =
Q,r
r
+
Q
r2
(3.33)
Gxx = G
y
y =
Q,rr
2
+
Q,r
r
(3.34)
(3.35)
and the off diagonal terms are
Grx = −1
2
Q,xr (3.36)
Gry = −1
2
Q,yr (3.37)
together with the relations similar to (3.32)
Gxu = −P
2
r2
Grx, G
y
u = −P
2
r2
Gry (3.38)
the last off diagonal term which is known in vacuum case
as Robinson–Trautman equation is
Gru =
−1
2r2
∆(K +Q)− 1
r
[(lnP ),u (rQ,r − 2Q) +Q,u] .
(3.39)
All these field equations are obtained for the most general
set up which can be used for any particular nonlinear
electrodynamic Lagrangian.
IV. CONSISTENCY OF THE FIELD
EQUATIONS
In this section we check the consistency of Einstein
equations with general NE in Robinson–Trautman class
described in section II. Using one of the Einstein equa-
tions (3.2), Guu = T
u
u with G
u
u being given by (3.33),
we obtain
(rQ),r = r
2 T uu (4.1)
Employing the expression for T uu from (3.27) and sub-
stituting the resulting equation in Gxx = T
x
x with the
respective sides expressed using (3.34) and (3.28) we ar-
rive at
G2 LGG
(
rE,r − 2E
4E
)
−GLFG (2rE,rE + F )
= −4E2LFF
(
rE,rE +
2B2
r4
)
+ LF
(
rE,rE + 2E
2
)
(4.2)
which can be alternatively expressed as
rE,rE
[
2F LGG + 4E
2 (LFF + LGG)− (2GLFG + LF )
]
+
G2
2
[LFF − LGG]− F GLFG − 2E2 LF = 0
(4.3)
The above expression is equivalent to a component of
Maxwell equations (3.13). If the Lagrangian would be in
the form L(F ) this equivalence is still satisfied and the
form of the relation (4.3) simplifies considerably
LFF =
LF (1 + ζ)
4
(
B2
r4 + E
2 ζ
)
(4.4)
where ζ =
r E,r
2E . One can arrive at this result by simply
putting all G derivatives of Lagrangian to zero in (4.3).
If we apply the same procedure for equationGrx = T
r
x
and substitute for Q using (4.1), we obtain an expres-
sion that, in the case of L(F ) model, corresponds to
a component of the Maxwell equation (3.9). But for
L(F,G) model these two are not equivalent and equa-
tion Grx = T
r
x has to be satisfied independently. We
show the relevant computations in Appendix .
A. Example I: Mawell theory
When studying nonlinear electrodynamics it is always
worth to first review the results for linear theory, namely
the Maxwell Lagrangian, in order to provide a compari-
son. Maxwell theory corresponds to Lagrangian L = −F
which is also frequently considered as a desirable weak-
field limit (when F and G are small) of a general non-
linear Lagrangian. Note that the overview of a com-
plete solution for Maxwell theory in Robinson–Trautman
class is contained in [19]. The analysis therein was per-
formed in NP formalism. Here, we are briefly reviewing
the Maxwell solution in RT class by using tensorial for-
malisms as obtained in previous sections.
The independence of Lagrangian on G significantly
simplifies most of the Maxwell equations. The magnetic
field is still the same as (3.11), B(u, x, y) = P 2 Fxy. To
find the electric field we use the equation (3.17) and ob-
tain the following expression for electric field E(u, r, x, y)
E(u, r, x, y) =
A(u, x, y)
r2
(4.5)
6where A(u, x, y) = P 2 C˜. For finding the radiative fields
we use equations (3.21) and (3.22),
Fux =
B,y
r
− ǫ0 (4.6)
Fuy = −B,x
r
− ǫ1 (4.7)
From equations (3.18) and (3.12) we obtain the following
C˜,u − (ǫ0),x − (ǫ1),y = 0 (4.8)
B,xx +B,yy = 0 (4.9)
Since we are interested in black hole solutions we assume
the transversal spaces to be compact, then ∆B = 0 (see
(4.9)) means that B should be a constant in x and y
which further leads to Fux and Fuy being r-independent
due to (4.6) and (4.7). Using this result together with
(3.9) and (3.10) we conclude that E,x = 0 and E,y =
0. Therefore we have B(u), E(u, r) and the Maxwell
Lagrangian is independent of x and y.
From (4.5) and the electromagnetic energy momentum
tensor components (3.27, (3.28)), the diagonal energy
momentum components reduce to
T uu = T
r
r = −
(
A2 +B2
r4
)
(4.10)
T xx = = T
y
y
(
A2 +B2
r4
)
(4.11)
and the off diagonal energy momentum components to
T ru = −2 P
2
r2
{
(Fux)
2 + (Fuy)
2
}
(4.12)
T rx =
2
r2
{AFux −B Fuy} (4.13)
T ry =
2
r2
{AFuy +B Fux} (4.14)
Using Guu = T
u
u and G
x
x = T
x
x the metric function Q
takes the form
Q(u, r, x, y) =
A(u)2 +B(u)2
r2
− 2m(u, x, y)
r
(4.15)
where we have denoted the constant of integration as
−2m to reach a proper Schwarzschild limit. By substi-
tuting the metric solution in Grx − T rx = 0 while using
(3.36) and (4.13) we get the following result
m,x = 2 (−AFux +B Fuy) (4.16)
and similarly for Gry − T ry by using (3.37) and (4.14),
we obtain
m,y = −2 (AFuy +B Fux) (4.17)
Using these equations together with the relation for the
fields in (3.7) and equation (4.8) we can get to the fol-
lowing expression for m
∆m = 2P 2 (B (Fxy),u +AC˜,u)
It can be written more explicitly as
∆m = 2(BB,u− 2(lnP ),u (A2 +B2) +AA,u) (4.18)
And finally, the last equation Gru = T
r
u (see (3.39) and
(4.12)) can be split into two equation for terms of differ-
ent orders in r
∆K + 12m (lnP ),u − 4m,u =4P 2
{
(ǫ0)
2 + (ǫ1)
2
}
(4.19)
∆m+ 4(lnP ),u(A
2 +B2) =(A2 +B2),u (4.20)
where equation (4.20) is identical to (4.18). All the equa-
tions for Maxwell theory in RT class are satisfied pro-
vided we solve the evolution equation (4.19). It is clear
that if one considers vanishing electric charge (which cor-
responds to A = 0) the resulting solution can still be
nontrivial radiative one and the same holds when B = 0.
B. Examle II: Born–Infeld theory
Born–Infeld Lagrangian is one of the most attractive
NE models which in the weak limit goes to Maxwell case
and in the strong regime goes to square root model (for
NE solutions in closely related Kundt class of geometries
for such Lagrangian see [23]). This model was used in
many different areas, from flat spacetime with the aim to
remove a point-charge singularity up to the string theory
where it features as a low energy model. Also there are
many studies of its properties in GR such as stability,
quasi normal modes, etc. and most recently interaction
with scalar field [24]. In [9] they studied Born–Infeld
model in flat spacetime in NP formalism while consider-
ing second electromagnetic invariant G. We aim to find
the exact solution for Born–Infeld model in dynamical
spacetime (Robinson–Trautman class). Special attention
is given to the radiative fields for BI model in this geom-
etry. Note that most of the studies in nonlinear electro-
dynamics is done for static or stationary spacetime and
studying dynamical behavior of this theory in exact form
is absent in the literature. In this subsection we use the
field equations from previous sections to see whether such
dynamical solutions exist in RT class or not.
Born–Infeld Lagrangian has the following form
L(F,G) = 4 β2
(
1−
√
1 +
F
2 β2
− G
2
16 β4
)
(4.21)
where β is a constant which has the physical interpre-
tation of a critical field strength. For solving modified
Maxwell equations for this specific Lagrangian we start
with (3.17) and obtain the expression for electric field
E(u, r, x, y) in terms of magnetic field B(u, x, y) as fol-
lowing
E(u, r, x, y) = ± C β√
β2 r4 +B2 + C2
(4.22)
7where C = P 2 C˜ together with B ((3.11)) are function
of u, x, y. In comparison with previous results concerning
only L(F ) Lagrangian, the above electric field reproduces
them whenB = 0, for example in paper [15] which was in-
vestigating this model in RT class. Curiously, when both
E and B are nonzero and the L(F ) Lagrangian model
is considered the resulting electric field differs from the
result obtained for L(F,G) and moreover the field is no
longer regular at the origin. This illustrates the impor-
tance of inclusion of invariant G when considering mag-
netic field as well. The next step is to find the radiative
fields using (3.21) and (3.22) for BI Lagrangian
Fux = Σ
[
Γ(
∫
Ω,y dr − ǫ0)− C B
(∫
Ω,x dr + ǫ1
)]
(4.23)
Fuy = −Σ
[
Γ(
∫
Ω,x dr + ǫ1)− CB
(∫
Ω,y dr − ǫ0
)]
(4.24)
where
Ω = − β B√
β2 r4 +B2 + C2
Γ = βr2
√
β2r4 +B2 + C2
Σ =
β2 r4 + B2
B2 (β2 r4 − C2) + β2 r4(β2 r4 + C2)
After obtaining electromagnetic fields we obtain the met-
ric solution (3.3), which is primarily determined by met-
ric function Q, using (4.1) which takes the following form
Q(u, r, x, y) = −m
r
+
2β2
3
r2 − 2β
r
∫ √
β2 r4 +B2 + C2
(4.25)
where B , C as before and alsom are function of (u, x, y).
Not surprisingly the above solution is of the same form
(apart from dependencies on x, y) as found in [15] with
the only difference being the presence of B. Since both
electric field here and those obtained in [15] are also sim-
ilar, one would have expected the similarity in metric
solution as well. However, one should as well note that
we have also nontrivial radiative fields present in our cur-
rent investigation which was not the case in [15]. With all
the electromagnetic fields and the metric solution known
one should check the fulfillment of the rest of the field
equations. Arriving at the equation Grx = T
r
x we real-
ize that it cannot be satisfied. Therefore it is not possible
to have a nontrivial electric E and magnetic B fields to-
gether with radiative fields for Born–Infeld model in RT
class.
Note that with the assumption of vanishing radia-
tive fields, one finds exact solution in this theory with
both electric and magnetic point charges, similar to [25].
Moreover, it is clear that then functions C and B appear-
ing in (4.22) can only be u-dependent as a result.
C. Other models
Besides the Born–Infeld model the above result is valid
for several other models of NE — it is not possible to find
consistent solutions for NE in RT class with nontrivial
radiative terms. Although some Einstein equations are
equivalent to Maxwell equations (as was shown at the
beginning of section IV) the additional field equations
containing radiative terms cannot be satisfied in RT class.
V. ROBINSON–TRAUTMAN SOLUTIONS FOR
L(F )
Due to the absence of nontrivial exact solutions of Ein-
stein gravity coupled with NE Lagrangian when we as-
sumed electric and magnetic fields in RT class, in this
section we study the case when there exist only a mag-
netic (or electric) field. Note that considering “pure mag-
netic field” (the same would apply to “pure electric field”)
means the second invariant G ∼ E ·B vanishes identi-
cally, so the form of Lagrangian is effectively L(F ). We
already found solutions for several models of NE for L(F )
Lagrangian in [15] in this spacetime while considering
only electric point charge without having electromagnetic
radiation. In this section we concentrate on solutions for
magnetic charge. First we find general formula for un-
known metric function Q in our metric ansatz (3.3) in
the presence of "magnetic field". Then we evaluate con-
ditions for finding regular black holes in RT class and
extend the solution to contain electromagnetic radiation
as well. Furthermore in the subsequent section we use
the same method to find the exact solution for "electric
field".
A. Magnetic field
Recently, studying magnetic fields in NE became sub-
ject of substantial interest as a means to find regular
black holes in static spherically symmetric spacetimes.
By regular black holes we mean geometries lacking singu-
larity at the center of a black hole determined by the pres-
ence of a horizon. Thus all scalar invariants are regular
everywhere in the spacetime. The first regular black hole
was introduced by Bardeen [26] as a solution generated
by certain stress energy tensor without clear physical in-
terpretation. More recently, number of models for regular
black holes have been proposed together with physically
motivated matter content needed for their explanation
[27].
The idea of constructing regular black holes by nonlin-
ear electrodynamics as a source was introduced by Ayón-
Beato and García [5]. The same authors showed that
the corresponding source of Bardeen black hole can be
associated with a specific model of nonlinear electrody-
namics Lagrangian coupled to gravity [28]. Soon after
Bronnikov [29] proved a theorem which says that there
8is no spherically symmetric solution with a globally reg-
ular metric coupled to nonlinear electrodynamics satisfy-
ing weak field limit and having nonzero electric charge.
Note that all these solution and most of the nonlinear
electrodynamics models representing regular black hole
spacetimes presented in literature are static spherically
symmetric [30]. Some of these regular black hole solu-
tions have been extended to stationary spacetimes [31].
Here we are mainly interested in the possibility of hav-
ing regular black holes in RT class by utilizing suitable
NE model as a source. As we already mentioned ear-
lier based on [29], regular black holes in static spher-
ically symmetric (SSS) situations need only magnetic
field. Therefore we study the same situation here al-
though our spacetime is not static (not even stationary)
nor spherically symmetric. But in this way we will see
the possibility of extending those SSS solutions to the
dynamical spacetime.
In general, no matter what model of NE is applied the
equation (3.8) holds which means magnetic field Fxy is
always independent of r. Since we are studying the case
when there is only a magnetic field we put electric field
E(u, r, x, y) and the radiative terms, Fux, Fuy, to zero.
The modified Maxwell equations are getting significantly
shorter and simpler.
Using (3.7) we conclude that Fxy is u-independent and
from (3.14) and (3.15) we obtain the following expression
Fxy(x, y) =
r2 C0(u, r)
P 2LF
(5.1)
With no radiative terms, Fux = 0 and Fuy = 0, all
the off diagonal energy momentum tensor components
are vanishing and then Einstein equations Grx = T
r
x
and Gry = T
r
y mean that Q can not be a function of
x, y. By checking the remaining Einstein equations (e.g.,
Guu = T
u
u) we have
(rQ),r = r
2
L/2 (5.2)
which can be written in the following form
Q(u, r) =
1
2r
∫
r2L(F )dr − m(u)
r
where ”−m” is an integration constant. It is clear from
above equation that the Lagrangian should be L(u, r).
Therefore F , the electromagnetic scalar invariant, should
be F (u, r). Since from definition we have F =
2F 2xy P
4
r4
then the function P has necessarily a separated form,
namely
P =
qm(u)√
Fxy
. (5.3)
Then the electromagnetic scalar invariant is F =
2 q4m
r4
and is obviously singular at r = 0. The above expression
for P is also consistent with (5.1).
Let us recall that the aim of using only magnetic field
here is to find regular black hole solutions defined by
regularity of scalar curvature invariants such as Ricci and
Kretschmann scalars. These two scalar quantities for our
metric (3.3) can be expressed as
Kretschmann = (Q,rr)
2 + (
2Q,r
r
)2 + (
2Q
r2
)2 (5.4)
Ricci = −Q,rr − 4Q,r
r
− 2Q
r2
(5.5)
Let us note that the form of these two quantities is not
changing even for more general case when Q is a function
of x, y as well. For having regular solution the mass term
m/r must be excluded from Q(u, r). The main equa-
tion in Robinson–Trautman class which determines its
dynamics is so-called RT equation (3.39) (with T ru = 0
now)
Gru = − 1
2r2
∆K − 1
r
[(lnP ),u (rQ,r − 2Q) +Q,u]
(5.6)
whereK(u, x, y) is K = ∆( lnP ) as in vacuum RT. Using
(5.3) it can be written as following
q4m κ0
2r
+ ( ln qm),u{rQ,r − 2Q}+Q,u = 0 (5.7)
where κ0 = ∆K|qm=1 is necessarily a constant. The so-
lution for the above equation is
Q =
q2m
2
(
2 f(r/qm)− qm κ0
r
∫
qmdu
)
(5.8)
where f is an arbitrary function. If we look at this so-
lution for Q with nonzero κ0 (when κ0 is zero then the
solution reduces from algebraic type II to type D — in
effect reducing to only spherically symmetric solutions)
and plug it into scalar invariants (5.5) and (5.4) we see
that it is not possible to have a regular solution. Al-
though there can be certain solutions for arbitrary non-
linear electrodynamics Lagrangian but none of them can
correspond to regular black hole.
We can impose some assumptions on the magnetic field
or the corresponding metric solution to see whether in
some special cases it is possible to have regular solution.
One such assumption is that the so-called "magnetic
charge", qm, is a constant. Then from F =
2 q4m
r4 the La-
grangian is now only r-dependent. So the metric solution
Q (5.2) can be written in the following form
Q(u, r) = R(r) − m(u)
r
(5.9)
For checking the regularity we again compute two scalar
invariant quantities, (5.4) and (5.5). It is clear that pa-
rameter m in (5.9) has to vanish as previously. Let us
assume that there exists some form of R(r) that makes
9the two scalar invariant quantities regular. But now we
need to make sure that with this assumption the space-
time is still of type II, namely not spherically symmetric.
From the main equation determining the dynamics of RT
spacetime (3.39) we have
Gru = − 1
2r2
∆∆( lnP ) = 0 (5.10)
which obviously shows that the spacetime is no longer
type II but rather type D only and thus spherically sym-
metric.
If we consider an electric charge instead of a magnetic
one we will arrive at a form of Q corresponding to (5.8)
and obtain type of solutions already discussed in [15].
These cannot give rise to spherically symmetric regular
black hole solutions due to already discussed results of
[29].
The above negative results for regular black holes stem
from two crucial facts. First, the necessity of assuming
vanishing mass parameter m to preserve regularity and
from the absence of radiative terms that lead to restricted
form of Q. This means that there are no relevant sources
for nontrivial Gaussian curvature (K 6= const.) in RT
equation (3.39)
B. Magnetic charge and Radiation
In this section we continue the study with same as-
sumptions as in previous subsection with the difference
that we allow for radiative terms, i.e., E = 0 but Fxy,
Fux, Fuy are assumed nonzero.
From (3.9) and (3.10), the radiative field components
Fux, Fuy are independent of r like for Fxy. Using the
definition (3.11) and equations (3.19) and (3.20) we get
the following relations for these two radiative fields
Fux = − (LF B),y
(LF B),x
Fuy (5.11)
Recalling that the electromagnetic scalar invariant is F =
2B2
r4 , the above equation will simplify to
Fux = −B,y
B,x
Fuy (5.12)
and from (3.18) and also (5.12) we get
(Fux),x = −(Fuy),y (5.13)
The solution (5.2) for Einstein equations from the previ-
ous subsection still holds here and we can write
L =
2
r2
(r Q),r (5.14)
By taking "x" derivative from both sides and knowing
that electromagnetic scalar invariant is F = 2B
2
r4 we get
2LF B,xB = r
2(r Q),rx (5.15)
and similar by using y derivative. From Grx = T
r
x
((3.36), (3.30)) and Gry = T
r
y ((3.37), (3.31)), we fur-
ther obtain
−4BLF Fuy = r2Q,xr (5.16)
−4BLF Fux = r2Q,yr (5.17)
With the help of (5.15) and the y-version of it we arrive
at
−2 (r Q),rxFuy
B,x
= Q,xr (5.18)
−2 (rQ),ry Fux
B,y
= Q,yr (5.19)
Combining these two pair of equations together and ap-
plying the (5.12) we get
2 r
Fux
B,y
(Q,x −Q,y)− (Q,x +Q,y) = C0 (5.20)
2 r
Fux
B,y
(Q,x +Q,y)− (Q,x −Q,y) = C1 (5.21)
where C0(u, x, y) and C1(u, x, y) are integration con-
stants. By solving for Q,x and Q,y from the above equa-
tions and assuming Q,xy = Q,yx one can show that Q
should be independent of x, y. By further using Ein-
stein field equations, for example Grx − T rx = 0 and
Gry − T ry = 0, we immediately conclude that the radia-
tive fields must vanish. Therefore we end up with the
case where there exists only magnetic field like in the
previous section.
Note that we are generalizing the solutions based on
vacuum RT solution (containing m(u)). If we consider
” − m(u,x,y)r ” term in vacuum RT solution with the new
assumption that our Lagrangian is of the form L(u, r)
then from Eqs (5.16) and (5.17) (instead of Q one should
put the vacuum metric function H (2.2) now), we will
see that only for Maxwell case LF = −1 it is possible to
have radiation consistent with m(u, x, y) 6= 0.
C. Electric charge and Radiation
For comparison with the previous sections we study
when there exists only electric field and electromagnetic
radiation terms. In [15] we have found several solutions
for different models of nonlinear electrodynamics for elec-
tric point charge without considering electromagnetic ra-
diation. This part would be a generalization of [15]. As
usual we start with modified Maxwell equations, from
(3.17) we have
LF Fur =
A
r2
(5.22)
where A(u, x, y) = P 2 C˜ and C˜(u, x, y) is an integration
constant. From (3.19) and (3.20) (note that we assume
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Fxy = 0) we obtain
LF Fux = C˜1 (5.23)
LF Fuy = C˜2 (5.24)
where C˜1 and C˜2 are integration constants. From (3.7)
we get
(Fux),y = (Fuy),x (5.25)
By checking the Einstein equations component Guu =
T uu we arrive at
(r Q),r = r
2 T uu
which means that
Q(u, r, x, y) =
1
r
∫
r2 T uu dr − 2m(u, x, y)
r
(5.26)
since we are looking for possibility to have radiative terms
we check equationsGrx = T
r
x (see (3.36) and (3.30)) and
Gry = T
r
y (see (3.37) and (3.31)) using (5.22) to arrive
at the following expressions for the radiative fields
−4AFux = r2Q,xr (5.27)
−4AFuy = r2Q,yr (5.28)
By taking x, r derivatives of Q (5.26), namely Qxr, and
putting them back to the above equations we find (plus
equivalent expression using y, r derivatives)
−4AFux = r3 (T uu),x−
∫
r2 (T uu),x dr+2m,x (5.29)
We can express the relevant energy momentum tensor
component from (3.27)
(T uu),x =
LF
2
F,x +
2
r2
[A,xFur +A(Fur),x](5.30)
F,x = −4 (Fur) (Fur),x (5.31)
where fe = (Fur)
2. Finally we arrive at
(T uu),x =
2A,x
r2
Fur (5.32)
Now (5.29) would be (using (5.23) and also (5.22))(
2 C˜1
A,x
r2 + r
)
Fur =
∫
Fur dr − m,x
A,x
(5.33)
and by r derivative of the above equation while remem-
bering Fur = −E we obtain
E(u, r, x, y) = − qe(u, x, y)(
2 C˜1
A,x
r + 1
)2 (5.34)
and similarly from the same procedure, starting with y, r
derivatives before (5.29), we get alternative form of E.
Comparing these two we get this constraint equation
C˜1
A,x
=
C˜2
A,y
From the expression for E and using (3.9) we can ex-
press radiative term in the following way
Fux = −
∫
E,xdr + ǫ˜0 (5.35)
where ǫ˜0(u, x, y) is an integration constant. On the other
hand by substituting LF from (5.22) into (5.23), one ex-
pects that both expressions (5.23) and (5.35) for Fux are
the same to arrive at
− A
r2 E
(−
∫
E,xdr + ǫ˜0) = C˜1 (5.36)
From this equality and the expression for electric field
(5.34) we get the following relations
qe(u, x, y) = qe(u), ǫ˜0 =
qeA
2
,x
4 C˜1A
, C˜1 =
aA,x√
A
where a(u) is an integration constant. Applying this pro-
cedure to Fuy we find the relations
ǫ˜1 =
qeA
2
,y
4 C˜2A
, C˜2 =
aA,y√
A
where ǫ˜1(u, x, y) is an integration constant coming from
(3.10) in a similar way to ǫ˜0 in (5.35).
Using the above results we can re-express the electric
field from (5.34) in a simpler way
E(u, r, x, y) = − qe(
2 a√
A
r + 1
)2 (5.37)
One expects that this electric field corresponds to some
specific NE Lagrangian. To find the Lagrangian we first
find r in terms F (F = −2E2 ) and substitute it in (5.22)
to obtain the following expression
LF =
4a2
qe
1(
−1 +
(
− F2q2e
)1/4)2 (5.38)
Such form clearly means that both qe and a have to be
constants and represent parameters of the Lagrangian
model rather than, e.g., interpreting qe as a charge which
is anyway not its proper interpretation.
Then we can integrate to obtain corresponding La-
grangian
L = −32qe a2
[
3 ln (1− u)− u
3 + 3u2 − 4u− 2
2(1− u) + L0
]
(5.39)
where u =
√√
−F
2q2e
and L0 is an integration constant.
For having exact Maxwell limit one should set L0 = −1
but we consider L0 = 0 in the following calculations. Due
to the logarithmic term in the Lagrangian we are limited
to field strength corresponding to u < 1 which can be
fine-tuned using qe to accommodate high values of F .
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Since the electric field and the Lagrangian are clear we
can find the metric solution by using Guu = T
u
u and
Gxx = T
x
x which leads to
Q(u, r, x, y) =
µ
r
+ K˜(u, x, y)− 8qe a
√
A(u, x, y) r
+16Λr2 + 48Λr2 ln
(
2a r
2a r +
√
A(u, x, y)
)
(5.40)
where K˜ = 2qeA, Λ = −a
2qe
3 and the modified mass term
is
µ(u, x, y) = −2m(u, x, y) + qe
3a
A
3
2
(
7− 6 ln(2
√
A)
)
.
This solution has the following form asymptotically
(for r →∞)
Q→ 16Λ r2 + 3aµ+ 2qeA
3
2
3ar
− qeA
2
4a2 r2
+
qeA
5
2
10 a3r3
+O(
1
r4
)
(5.41)
To satisfy further Einstein equations Gry = T
r
y and
Grx = T
r
x the function µ(u, x, y) term should not be
x, y dependent (µ(u)). The last equation to satisfy is
Gru = T
r
u (expressed using (3.39) and (3.29)) which
leads to these dynamical equations
∆
(
K + K˜
)− 6µ(lnP ),u + 2µ,u = 0 (5.42)
∆A+ P 2 ∆˜(lnA) +
A
3
2
aqe
(
2K˜ (lnP ),u − K˜,u
)
= 0
where we have introduced a new Laplace operator (com-
pare with (2.3))
∆˜ ≡ A2(∂xx + ∂yy)
Provided we solve the above two coupled nonlinear
parabolic type PDE (5.42) for unknown functions P and
A we have a complete specific solution for our model.
Such a solution is generally radiative (both in terms of
electromagnetic and gravitational waves), has Maxwell-
type limit and contains a term mimicking the cosmologi-
cal constant (see (5.41)). The metric solution is singular
at r = 0 while the electric field is not, provided a is posi-
tive. Strangely, this NE model seems to be a unique one
compatible with general solutions containing electromag-
netic radiation in RT class.
If we assume from the beginning that electric field has
restricted dependence on coordinates (E(u, r)) then using
(3.9) and (3.10) we derive that Fux (and similarly Fuy)
is r-independent and immediately from (5.23) (or (5.24))
one sees that LF has to be a constant leading to Maxwell
theory.
VI. CONCLUSION AND DISCUSSION
The main purpose of this paper was to derive con-
ditions for existence of NE solutions in RT class that
would contain electromagnetic radiation. Since general
RT solutions represent nonlinear deformations of spher-
ically symmetric situations this would provide potential
basis for investigation of nonlinear stability of spherically
symmetric NE solutions. This would be especially inter-
esting for the regular black hole solutions sourced by NE.
The presented results show that Maxwell theory is the
unique one providing general solutions including electro-
magnetic radiation while NE models suffer from serious
restrictions with models providing regular black holes af-
fected in particular. The only partial exception to this is
a NE model derived in part VC which provides solution
with electric charge and radiation while having Maxwell
limit and providing singular geometry but regular elec-
tromagnetic field.
Our results specifically mean that even Born–Infeld
model cannot support magnetic and electric charge ac-
companied by radiative terms in the general RT ge-
ometry. This model also offers interesting justification
for considering L(F,G) Lagrangian instead of just L(F )
when B 6= 0 and E 6= 0 are considered. Namely the
regularity of the electric field is destroyed for L(F ).
Further results for magnetic charge only (facilitating
effective transition L(F,G)→ L(F )) with or without ra-
diative terms explicitly show the impossibility of general-
izing regular black hole solutions to RT class. This means
one cannot hope to perform nonlinear stability analysis
within this class but it also raises question whether this
means that such solutions are only limited to highly sym-
metric situations and thus do not represent astrophysi-
cally relevant situations arising from generic conditions.
This represents additional complications for regular black
hole models which already suffer from non-Maxwellian
weak field limit and in the strong field limit both the
value of their Lagrangian and energy momentum tensor
attain constant values (this applies to , e.g., Lagrangians
corresponding to Bardeen and Hayward models).
Naturally, one should pursue investigation in more gen-
eral geometries to confirm the above results there. Es-
pecially spacetimes where the radiation is not confined
dominantly along one direction. This might prove to be
essential for NE since their electromagnetic perturbations
do not propagate along null direction generally [8]. This
is also connected to a broader issue of well-possedness of
NE [32] within the RT geometry.
Appendix: L(F ) vs. L(F, G) model
Here we will consider the distinction between L(F ) and
L(F,G) models with respect to Einstein equations com-
ponent Grx = T
r
x and its relation to Maxwell equations.
This equation can be cast in the following form
− 1
2
Q,xr = 2LF
{
Fur Fux + Fuy
B
r2
}
(A.1)
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with T rx and G
r
x being given in (3.30) and (3.36). From
(4.1), we can find
Q,xr = r (T
u
u),x − 1
r2
∫
r2 (T uu),xdr (A.2)
and by substituting the above expression into (A.1) we
obtain
r (T uu),x − 1
r2
∫
r2 (T uu),xdr
= −4LF
{
Fur Fux + Fuy
B
r2
}
(A.3)
For removing the integral we take r-derivative of this
equation
r3 (T uu),xr + 2r
2 (T uu),x = −4 {AFux + Fuy LF B},r
(A.4)
Upon further simplification, using (3.27), we have the
following
r3 (T uu),xr + 2r
2 (T uu),x =
LF
(
r2 F,x − 8
r2
BB,x
)
− 4
r2
B2 F,x LFF (A.5)
and by substituting the above expression into (A.4) we
get
LF
(
r2 F,x − 4
r2
BB,x
)
= −4 (AFux),r (A.6)
where we used (3.20) and (5.22). With further straight-
forward simplification we obtain a result equivalent to
one component of Maxwell equations (3.9). Thus for
L(F ) it is straightforward to satisfy both the consid-
ered Einstein equations component and Maxwell equa-
tions component since one is an integrability condition
of the other.
If we repeat the same procedure for L(F,G) model we
obtain the following expression
Fux = (A.7)(
r5
8B
) r2ELF (E,x + (Fux),r) +BLG ((Fux),r − E,x)
B r2LGG (2E − rE,r) + LFG (2B2 + r5 EE,r)
The presence of terms related to G-derivatives of La-
grangian that in this case Grx = T
r
x is completely inde-
pendent from Maxwell equations which results in serious
constraint on finding solutions to a coupled system. The
final expression clearly significantly simplifies for L(F )
model and only the boxed terms survive leading to pre-
vious result.
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